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Nomenclature
CD = drag coefficient
Q>max = maximum value of drag coefficient
CD™* = minimum value of drag coefficient
G = function to be minimized
h, V = state variables (altitude, velocity)
H =variationalHamiltonian
q' = dynamic pressure = 0.5 p V2

S = reference area divided by mass
/, T = independent variables (t = time)
u = control variable
@,PE = constants for exponential density model
7 = flight path angle
X/,,Xy =Lagrange multipliers for optimal control

problem

Subscripts
0 = evaluated at the initial value of the in-

dependent variable
/ = evaluated at the final value of the independent

variable

Introduction

IN a previous paper,1 a scheme for determining design
parameters for a recoverable re-entry vehicle was

described. This involved selecting timer settings to determine
the mass jettison and parachute deployment times for a re-
entry vehicle which would insure recovery of the vehicle in
spite of the uncertainty in its drag coefficient history. The
scheme involved determining upper and lower limits for the
drag coefficient history and then computing drag coefficient
histories inside the boundaries which would result in worst-
case trajectories. The design parameters (timer settings) were
then selected to keep the worst-case trajectories inside ac-
ceptable design limits. The "worst-case** trajectories for the
recovery problem occurred when the dynamic pressure at
parachute deployment was either a minimum or a maximum.
Since parachute deployment was determined by a timer,
trajectories which produce minimum or maximum dynamic
pressure for a fixed final time were needed. Note that, if the
dynamic pressure at chute deployment is either too high or too
low, the chute may not open properly. The results in Ref. 1
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showed that the drag coefficient history, which resulted in
worst-case trajectories, contained a jump from one boundary
(ur3per or lower) to the other boundary (lower or upper) at
some intermediate time. These results are not consistent with
the simple solutions presented in Ref. 2 where "worst-case"
trajectories would not seem to have jumps in the drag coef-
ficient history.

The purpose of this paper is to demonstrate analytically
why the drag coefficient history which results in minimum or
maximum dynamic pressure at parachute deployment can
contain jumps and also to show that the results shown in Ref.
1 are consistent with those shown in Ref. 2. This was ac-
complished by first formulating and solving the optimization
problem which extremizes dynamic pressure at a fixed final
time. These results are consistent with using a timer to
determine the parachute deployment event. The problem is
then reformulated using altitude as the independent variable
and the fixed final altitude problem is solved. These results
are consistent with Ref. 2. The results show that, if the final
time is fixed, jumps can occur in the optimal drag coefficient
history. If the final altitude is fixed, jumps do not occur.

Analysis
The problem may be stated as follows: Given a set of initial

conditions for a re-entry vehicle and bounds for the drag
coefficient history, determine the drag coefficient history
which produces maximum (or minimum) dynamic pressure at
specified end conditions. If a simple dynamic model is used
for re-entry, then the jump conditions are easy to see. Thus,
the state equations for re-entry are chosen to be

h— V=-q'SCD (1)

These equations assume that the re-entry vehicle may be
modeled as a point mass, that rotational and gravitational
effects of the Earth are not important, and that the flight path
angle is constant during re-entry. An exponential atmospheric
density profile is assumed so that p = pEe~$h and the speed of
sound is assumed to be constant.

The problem of maximizing the dynamic pressure at a
specified final time is solved first. In order to formulate all
problems as minimization problems, the performance index is
written as

G=-q' f (2)

and the end condition requires tf to be fixed. The optimal
control problem is specified by the preceding information and
the bounds for CD. The bounds for CD are assumed to be a
function of Mach number and typical bounds used in the
example in this paper are shown in Ref. 3. This is a standard
optimal control problem and solution techniques are
described in Ref. 4. Here the control variable is first trans-
formed to an unconstrained control by

sin u+ (3)

where CD and CD . are functions of Mach number and u
is an unconstrained control variable. Defining the
Hamiltonian as

H=\h(Vsiny)+\v(-q'SCD) (4)
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the additional first-order necessary conditions which a
minimizing solution must satisfy are

(5a)

(5b)

and

2

The boundary conditions on the Lagrange multipliers are

(6)

(7)

This completes the definition of the necessary conditions
which a solution to the optimal control problem must satisfy.
The solution to this two-point boundary value problem
provides the CD history which produces maximum dynamic
pressure.

The optimal control is determined from Eq. (6). Singular
arc solutions, \v = 0, are not possible. This is shown in Ref. 3.
Thus, Eq. (6) requires u= ±ir/2. This implies that the op-
timal control must remain on a boundary and the optimal
solution will consist of boundary segments satisfying the two-
point boundary value problem described earlier.

For a minimal solution

sinw > 0 (8)

Thus, if Xv <0, then w=-7T/2 and, if Xy>0, then w = 7T/2.
Equation (7) requires Xy <0 at the final time so that CD at

the final point is on the lower boundary. If Xy can change
signs, however, then CD can jump to the upper boundary. It is
easy to show that sign changes in \v can occur, if the time
interval between t0 and tf is sufficiently large. This is
discussed in Ref. 3. Thus, boundary jumps are certainly
possible when the independent variable is time and extremal
solutions are computed over a fixed time interval.

An example problem is solved to show the effect of the
change in sign of \v. The constants for the example problem
and the bounds for CD are shown in Ref. 3. The multiplier
histories are shown in Fig. 1 and indicate that CD is on the
upper boundary for 2.8 s. It then switches to the lower
boundary. The dynamic pressure history is shown in Fig. 2.
Figure 2 also shows dynamic pressure histories which occur
when either the lower boundary or the upper boundary for CD
is used. The final value of the dynamic pressure is 11013,
10508, and 6259 lb/ft2 for each of the three trajectories,
respectively. It can be seen that the optimal solution has a
smaller peak dynamic pressure than the trajectory using
CD . . This causes the optimal solution to have a higher
velocity later in the trajectory and the dynamic pressure
histories finally cross. Thus, the boundary jump does increase
the value of the dynamic pressure at the specified final time.

If the minimum dynamic pressure problem is formulated,
Eqs. (2) and (7) change signs. This just reverses the signs on
the multipliers. Hence, the solution is on the upper boundary
at the final time, but may switch to the lower boundary, if Xy
changes signs.

The problem will now be reformulated using altitude as the
independent variable. In order to avoid an independent
variable, which is not monotonically increasing, r is defined
such that

^ = K ^ = -KSpVCD (9)at dr
The variable T is used instead of h since T is monotonically
increasing. It is related to altitute by (T — TO) sin y = h-H0.
Thus, a given value of hf specifies rf.
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Fig. 1 Lagrange multiplier histories for example problem.
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Fig. 2 Dynamic pressure histories for example problem.

Only one state variable [Eq. (9b)] is required here. The
following equations help define the optimal solution

(10a)

and

du

d2H

Cn -<

^max-^minx

(lOb)

(11.)

(lib)

Equation (lla) requires that either u=±ir/2 or X y =0.
Singular arc solutions with X = 0 will not occur since the
generalized convexity condition shown in Ref. 5 can never be
satisfied. Thus, u= ±ir/2 where the sign on u is determined
from Eq. (lib). If Xy <0, then u= -Tr/2 and, if Xy>0, then
w = 7r/2. At the final time, Xy is negative. The solution to Eq.
(10a)is
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and hence, the sign of \v can never change. Thus, the solution
is always on the lower boundary, as would be predicted by the
solutions shown in Ref. 2.

This can also be shown by freeing the final time and fixing
the final altitude in the first formulation. The solution ob-
tained in this manner is discussed in Ref. 3 and is shown to
provide the same results as those just given.

Summary
The optimal control problem, to determine the drag

coefficient history inside of upper and lower bounds, which
produces maximum or minimum values of dynamic pressure
at specified final end conditions for a ballistic re-entry vehicle
has been formulated. The results indicate that, if the final
time is fixed, then the optimal solutions may contain jumps in
the control variable from one boundary to the other. If the
final altitude is fixed, then the optimal solutions will not
contain jumps. These results are consistent with results
published earlier which indicate that jumps in the drag
coefficient should not occur, if the altitude is used as the
independent variable. If the final state of a re-entry vehicle
trajectory segment is to be determined by a timer, however,
then a design scheme which attempts to determine trajectories
with minimum or maximum dynamic pressure must consider
possible jumps in the drag coefficient history.
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Nomenclature
= body-axis acceleration vector
= lateral acceleration component
= feedback gain matrix
= forward gain matrix
= fundamental (stability) matrix
= control effect matrix
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g = gravitational acceleration vector
g = gravitational acceleration magnitude
//f = Earth-to-body-axis transformation matrix
L( ) = roll stability and control derivatives

• N( ) = yaw stability and control derivatives
p - roll rate
r = yaw rate
T = similarity transformation matrix
t =time
U = control transformation matrix
V = velocity magnitude
v = body-axis velocity vector
x = body-axis position vector
x = axial position
x = state vector
Y( ) = side-force stability and control derivatives
z = vertical position
13 = sideslip angle
d '- control vector
dA = aileron angle
dR - rudder angle
dSF = side-force panel angle
</> = roll angle
W = body-axis angular rate vector
w = cross-product equivalent matrix

Introduction

TWO objectives for in-flight simulation of one aircraft by
another are matching the modal characteristics of the

model and duplicating its response to command inputs. Six-
degree-of-freedom in-flight simulators, such as the Princeton
Variable-Response Research Aircraft (YRA) and the
USAF/Calspan Total In-Flight Simulator (TIFS), can provide
"perfect" model following (in the sense of Erzberger1) for
rigid-body modes and responses. However, if there is airspeed
mismatch or difference in the pilot's location relative to the
rotational center, then perfect following of the model's state
variables is no guarantee of an acceptable simulation. The
pilot's acceleration cues, which are central to flying qualities
evaluation, are certain to be different from those of the
model. In such instance, it becomes necessary to modify the
simulation control logic so that accelerations at the pilot's
station are matched at the expense of mismatch in cues which
are secondary to the simulated piloting task. If the model is
realized explicitly in the simulator's control system, airspeed
and pilot location mismatch effects can be compensated by
transforming the outputs of the system's model equations
before they are transmitted to the model-following logic.2"4 If
implicit model following (or "response feedback") is used, it
is necessary to transform the model itself prior to generating
the implicit model-following control gains.

A solution for airspeed and pilot station mismatch is found
by performing a sequential similarity transformation on the
linear differential equations which describe model dynamics.
For lateral acceleration matching, the simplest procedure is to
accommodate pilot station effects by transforming model
sideslip angle, while velocity mismatch is compensated
through yaw rate transformation. Normal acceleration
matching can be accomplished through similar trans-
formations of model angle of attack and pitch rate, and it is
not discussed further. In either case, the similarity trans-
formation preserves model eigenvalues while matching ac-
celeration cues. The model transformation for lateral ac-
celeration matching is developed, and an example based on
VRA simulation of the Space Shuttle is presented.

Implicit Model Following
Given the linear-time-invariant dynamic model of the

aircraft to be simulated,

(1)
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the objective is to find feedback and forward gain matrices,
CB and CF, which cause the simulation aircraft's modes and
responses to mimic the model. The simulation aircraft's rigid-
body motions are represented by

Axs(0)=Ax0 (2)

The perturbation state vectors (AxM and AJCS) are n-
dimensional, the model control (A6M) has / components, and
the simulator control (A6S) has m components. For the
complete aircraft equations, n>m>l.

With identical initial conditions, the model and simulator
motions are the same when AxM = Axs; this establishes the
criterion for "perfect" model following. In the equivalent
stability derivative (ESD) approach, the state rates are
identically matched1; using linear-quadratic implicit model
following, the state rates are matched in a least-squares
sense. 5 The two methods produce identical control structures
and gain matrices when the "perfect" model-following
criterion is satisfied and when there are not added constraints
on control usage or parameter insensitivity.

The stability-axis state vectors of the lateral-directional
model and the simulator each take the form,

AxT = (Ar A@ Ap

and their fundamental matrices contain the aircraft's
dimensional stability derivatives. Neglecting unsteady
aerodynamic effects,

(Yr/V-l)

Note that the fourth rows of FM

NP
YP/V

LP
1

0 '

g/V

0

0

(3)

and Fs are necessarily
identical. Consequently, a three-component control vector,
Ad$=(AdR A65FA6^)S, can provide "perfect" model
following, subject to control actuator limitations. The
corresponding control effect matrix is

V6SF N*

YdSF/V Y8A/V

0

-6SF

0 0

(4)

The model's control vector may not contain AdSFt in which
case AdM has two components, and GM is redefined ac-
cordingly.

Because the fourth rows of the model and simulator
equations are identical, they can be neglected in determining
the "perfect" model-following control law. The model and
simulator state rates are equal when

F 'MAxM + G''M<- (5)

where the prime denotes a truncated (three-row) matrix.
When the model and simulator are matched, AxM = Axs, and
the ESD control law is derived from Eq. (5):

A6S=GS' -'[(F'M-F

= CBAxs+CFAdM (6)

This "perfect" model-following control law is seen to include
state feedback (through CB) and command-input interconnect
(through C/r). The elements of the closed-loop simulator

matrices are equivalent to the stability derivatives of the
model:

Axs = (Fs+Gs CB) Axs + Gs CF AbM = FM Axs + GM AdM (7)

Lateral Acceleration Matching
The body-axis acceleration vector at the pilot's station is

(xp -xcg ) (8)

Recognizing that stability axes are a special set of body axes
(nominally oriented to the velocity vector), neglecting
coupling between longitudinal and lateral-directional
motions, and assuming that the pilot's station is on the air-
craft's plane of symmetry, perturbations in lateral ac-
celeration are described by

(9)

With differing velocity or pilot offset, one or more
simulator state variables must be altered to provide the Aayp
match. This is most readily accomplished by transforming a
different state variable for each type of acceleration
mismatch.

Consider first the model transformation for pilot-center of
gravity (e.g.) offset at identical airspeeds. Three states (Ar,
Ap, and A<t>) are to be matched identically. Defining \ = \P —
xcg, model and simulator lateral acclerations are matched
when

+ xsAfM-zsApM = AfM-zMApM (10)

Rearranging Eq. (10) and integrating once provides A/3S, and
the model state vector which the simulator should follow to
compensate for differing pilot-c.g. offsets is

Ar

A/3

0

0

0 0 0 Ar

A/3

Ap

A0 M

(11)

or AxM] =TjAxM. Tj is a similarity transformation matrix;
therefore, the model eigenvalues can be preserved in writing
Eq. (1) with AxMj as the state vector:

(12)
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Fig. 1 Comparison of SSV and VRA response, with lateral
acceleration matching.
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Table 1 Implicit model-following gains for VRA simulation of SSV

Arc A6/?.

0.071
-0.018
0.034

without lateral acceleration matching

-1.057
-0.556
-0.139

0.057
-0.014
-0.295

0.033
0.383

-0.021

0.095
-0.002
0.059

0.051
0.017
0.226

with lateral acceleration matching

A6/?s 0.165
A5SFS -0.041
A6y4s 0.019

-0.483
0.928

-0.238

0.081
-0.020
-0.299

-0.014
0.003
0.004

0.095
-0.002

0.059

0.051
-0.017

0.226

Next, consider the model transformation for velocity
mismatch with no pilot-c.g. offset. With A/3, Ap, and A0
matched identically,

(13)

(14)

or

*rs=(VM/Vs-l)WM+(VM/Vs)

Substituting for A/3M using Eqs. (1), (3), and (5),

(15)

The model state transformation for velocity mismatch in-
corporates Eq. (15) for the modeled yaw rate in T2 and U2,
and AJC^ = T2AJCM + U2A5M. The transformed moders
dynamic equation is

(16)

Since U2 contains only side-force control terms, it often
would be negligible. In this case, applying the velocity
mismatch transformation to the offset-corrected model [Eq.
(12)] leads to

(17)/2A5M

with AJCM =T2Tj^xM. This is the model which should be
followed by the in-flight simulator for lateral acceleration
matching.

Velocity Mismatch Example
An example based upon VRA simulation of the Space

Shuttle vehicle (SSV) is presented, considering only the
velocity mismatch between the two vehicles.6 The SSV flight
condition is M= 1.5 at an altitude of 18,300 m (60,000 ft); the
VRA is assumed to perform the in-flight simulation at an
airspeed of 105 knots and an altitude of 1500 m (5,000 ft).

Open-loop response of the SSV to a 1 °-differential eleven step
input results in a maximum lateral acceleration of 0.05 g at
t = 4 s. Without lateral acceleration matching, the in-flight
simulator can match the state response with negligible error;
however, as a result of the velocity mismatch, Aay is 0.24 g at
t=4 s and growing steadily. The VRA can match lateral
acceleration precisely (as well as A/3, A/?, and A0) by following
a transformed yaw rate (Fig. 1). Response in the first few
seconds after the pilot's command is of greatest importance,
and roll control is the primary SSV piloting task at this flight
condition; therefore, the difference in VRA and SSV yaw
responses should not have a major effect on flying qualities
assessment.

The effect of &ay matching on ESD gains is of interest;
Table 1 presents CB and CF for the two cases. Feedback gains
are changed substantially, but Aay has no significant effect on
control interconnects. The most notable effects are on sideslip
and roll angle feedback to rudder and side-force panel, as
might be expected.

Conclusion
Similarity transformations which preserve modal

characteristics and acceleration cues in in-flight simulation
are presented. A velocity-mismatch example illustrates that
acceleration matching is achieved at the expense of
mismatching in cues which are secondary to the simulated
piloting task, while primary cues are preserved. The approach
is applicable for both implicit and explicit model following,
and it can be easily extended to the longitudinal case.
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